MIT-CTP-2193 
April 1993 



m 
u 

Oh: 
< 



CONNECTIONS ON THE STATE-SPACE 
OVER CONFORMAL FIELD THEORIES 



K. Ranganathan*, H. Sonoda^, and B. Zwiebach* 

Center for Theoretical Physics 
Laboratory for Nuclear Science 
and Department of Physics 



^ ■ Massachusetts Institute of Technology 

O : Cambridge, MA 02139, USA 

O 

m 

^ ■ ABSTRACT 

Qh! Motivated by the problem of background independence of closed string field theory we 

i-S^ ' study geometry on the infinite vector bundle of local fields over the space of conformal field 
, , , theories (CFT's). With any connection we can associate an excluded domain D for the integral 

^ ■ of marginal operators, and an operator one-form u^. The pair (D, u^) determines the covariant 

derivative of any correlator of local fields. We obtain interesting classes of connections in which 
ujffs can be written in terms of CFT data. For these connections we compute their curvatures 
in terms of four-point correlators, D, and cu^. Among these connections three are of particular 
interest. A fiat, metric compatible connection F, and connections c and c with non-vanishing 
curvature, with the latter metric compatible. The fiat connection cannot be used to do parallel 
transport over a finite distance. Parallel transport with either c or c, however, allows us to 
construct a CFT in the state space of another CFT a finite distance away. The construction 
is given in the form of perturbation theory manifestly free of divergences. 
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1. Introduction and Summary 



It has been speculated for some time that a background independent and geometrical 
formulation of closed string field theory must use the space of all possible two dimensional 
field theories. Though this theory space has not yet been constructed, one would expect the 
string action to be a function over the theory space, and conformal field theories to appear as 
local extrema of the action, namely, as classical solutions to the string field equations. This 
intuition is backed by the work that showed that the spacetime string equations of motion for 
massless fields can be derived from the conditions of conformal invariance of two dimensional 
theories [1]. Presently we only know how to formulate closed string field theory given a 
particular conformal field theory (see, for example, [2].) The action is a function over the 
tangent space to the theory space at the conformal field theory, since each possible theory 
deformation corresponds to a particle field in space-time. Background independence demands 
that closed string field theories formulated with different conformal field theories must be 
physically equivalent. This question, in the case of nearby theories, has been considered in 
refs. [3]. More recently, it has been suggested [4] that the Batalin-Vilkovisky formulation of 
string field theory gives us strong indications of the geometrical structures expected to exist 
in theory space (see also [5,6,7]). The possible relevance of two-dimensional theory space to 
the formulation of closed string theory was a major motivation for the present investigation. 

When we have conformal field theories with continuous parameters x^, we must make sure 
that the closed string field theory formulated at each is equivalent to one another. (In the 
case of toroidal compactification, the constant target space metric and antisymmetric tensor 
provide natural coordinates x^.) Closed string field theory [2] uses the operator formalism for 
conformal field theory, in which a ket-state | ^i)x is introduced for each local field $j on the 
world sheet. We call the space of all ket-states Hx and the dual space of all bra-states At 
each x^^ there is a distinct space Hx, and the form an infinite dimensional vector bundle 
over the space of conformal field theories with coordinates x^. Hence, to address the question 
of background independence properly, we must compare two linear spaces Tix and Hx+5x- This 
requires the introduction of a connection. In the case of toroidal compactification a connection 

has been introduced and constructed explicitly in ref. [8]. 

This work was motivated by two earlier works, each of which discussed the role of a 
connection. In one work [9] a connection on theory space has been obtained by working with 
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the space of renormalized field theories parametrized by x^. The correlators of local fields 
depend on x's smoothly and the partial derivative of a correlator with respect to is given 
in terms of a spatial integral of a correlator with an additional insertion of the operator 
conjugate to x^. The integral diverges due to the short distance singuarities between and 
local fields. Naively we may simply regulate the integral by restricting the range of integration 
and take the limit after subtracting the divergences. But, in general, we need extra finite 
counterterms. The coefficients of these finite counterterms can be interpreted as a connection 
for the vector bundle of local fields over the theory space parametrized by x's. In refs. [9] 
the formula expressing the covariant derivatives of correlators has been called the variational 
formula. 

In another work [10] the operator formulation of CFT's was used to introduce a connection. 
In the operator formalism, a conformal field theory at x assigns to each punctured Riemann 
surface E a tensor (E | on Therefore, each surface E defines a section a;(S | over theory 
space. Such sections will be called surface sections. In ref. [11] sewing was used to single out 
a deformation of the states (S |. The deformed surface states, even though they represent a 
different theory, were defined using the original state space Tix- A prescription to compare the 
deformed states with those at 'Hx+Sx (for toroidal compactification) has been given recently 
[10]. It was established in that work that parallel transport with the connection of ref. [8] 
precisely takes the surface states at Hx+Sx into the deformed surface states of ref. [11]. 

The present work. In the present paper theory space will be a space of conformal field theories. 
The vector space Tlx at each point x is infinite dimensional and will be spanned by an infinite 
set of basis states. Our aim is to investegate the connections in this vector bundle. We now 
summarize our main results. 

If we consider our vector bundle without regard for the CFT structure then all connections 
are on an equal footing. The existence of the surface sections (E | which encode the CFT 
structures allows us to distinguish covariant derivatives based on their action on these sections. 
A connection is natural if the covariant derivatives of the surface sections can be given in terms 
of intrinsic operations in the conformal theories. We will now explain this idea. 

As a first step we recognize a very general fact. For any connection we show that 
the associated covariant derivative -D/i(r) always generates a CFT deformation. That is, the 
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deformed surface states (S | +5a;^D^(r)(S | satisfy the same sewing relations as the original 
surface states (E |, and therefore, define a conformal field theory. 

As a second step we break the space of CFT deformations into two types. In the first type 
we deform the surface states by integrating the insertion of marginal operators over the surfaces 
minus some disks. This deformation changes the CFT. The second type of deformation is trivial 

(but essential). A similarity transformation generated by an arbitrary operator uj^ is performed 
on every surface state. This does not change the CFT. Since infinitesimal deformations form a 
vector space, these two types of transformations can be added. The most general deformations 
that we will have to consider will be arbitrary linear combinations of these two types of 
deformations. 

The above two steps lead us to expect that the deformations generated by F can be written 
in the above form. In fact it is appropriate to regard as the very definition of a family of CFT's 
the requirement that for any connection F there is an a;^ and such that -D/i(F) of surface 
sections can be written as 

P n 

L'^(F)(Eh- J d^z{E;z\0^)-J2{^\4^- (1-1) 

It will become clear later that this is an appropriate way to formalize earlier intuitions on 
deforming correlation functions using the marginal operators [15]. This equation is the starting 
point of much of our investigation. It associates with any connection F a pair (D.ujfj). This 
is ambiguous, however, since many different pairs are equivalent in that they yield the same 
right hand side in Eqn.(l.l). First, if D is changed, u;^ can be changed to yield the same right 
hand side. Second, for fixed D, we can add to o;^ a symmetry one form S/^ (a Kac-Moody 
symmetry on every CFT of the space is a typical case) and again the right hand side of (1.1) 
is unchanged. Keeping these ambiguities in mind we speak of a pair {D, uj^) associated with 
a connection and this notion will be central to the developments in this paper. 

We had stated that we would distinguish some connections. To do so we recognize that in 
the first term of (1.1) the marginal operator is integrated over the surface minus some domains 
surrounding the punctures. The domain D on each puncture must be identical in terms of 
the local coordinates chosen at the punctures. This is a natural CFT operation defined all 
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over theory space without the need of further data. This allows us to distinguish a class of 
connections Td, labelled by the excluded domain D as those which are associated with the 
pairs {D, 0). For D the complete unit disk, we obtain the connection F which was explored for 
the case of toroidal backgrounds [8,10]. Another natural possibiUty for lo^ will be obtained by 
letting the domains go to zero and subtracting away divergences. In this case o;^ is chosen to 
be the divergent part of an operator that arises from three point functions. This will lead to 
the connection c of ref . [9] . With the same domain, but with some modification of o;^ we are 
led to a related connection c. 

We investigate how to compute the connection coefficients F^-'^ corresponding to a given 
pair We may view (1.1) as an infinite set of linear equations for the connection 

coefficients - one equation for each surface E. As we said earlier, corresponding to any pair 
(D, cUfj) there are many connections differing from each other by symmetry one forms. Despite 
the ambiguity due to symmetries we develop techniques to solve for most of the connection 
coefficients in terms of operator product expansion (OPE) coefficients, and u^. We will do 
so by considering the equations obtained by taking the covariant derivatives of the Virasoro 
operators (these operators can be expressed in terms of surface states). We will find that the 
connection coefficients F^^ for 7^ 7^ 7^ can be expressed in terms of the OPE coefficients and 
00^. Further, for 7j = jj, all the connection coefficients, , can be expressed in terms of 
connection coefficients relating primary fields of equal dimensionality. We will also discuss a 
way of computing the connection coefficients using symmetry currents Ja{z). 

We next discuss the computation of curvature of a connection F in terms of a pair {D,uj^) 
and the states (S | of the theory. We cannot obtain such an expression for an arbitrary 
connection. If this were possible then all connections related by a symmetry one form will 
have curvatures related by a symmetry. This we will show is false. However for the interesting 
connections that we listed earlier we can obtain such an expression by virtue of the special 
properties of their a;^'s. For the connection c our expression for curvature is algebraic in terms 
of OPE coefficients. We also prove that F^j is flat. In the computation of the curvature of c 
we flnd a consistency condition that must be satisfled. Unless c^jf — Ci//f = 0, the commutator 
of two covariant derivatives would give, in addition to curvature, a term corresponding to 

★ The specification of the local coordinates around the punctures is part of the specification of the surfaces 
S and is not CFT data. 
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torsion. On a vector bundle, however, there cannot be torsion. We know that c^^ — c^l^ = 
in particular examples, and believe that this requirement follows in general from the earlier 
requirement that the right hand side of (1.1) spans the space of deformations. 

We study finite distance parallel transport with the connections. In finite dimensional 
vector bundles this is always possible. This becomes subtle in the infinite dimensional vector 
bundles we are working with. We find that the fiat connection F diverges in second order in 
the perturbation expansion in terms of the distance. The connection c, which can be shown 
to be upper triangular, leads to perturbatively finite parallel transport. This gives us a way 
to construct a theory using using the state space of another a finite distance away. We believe 
this result is of direct relevance to the difficulties found in the analysis of background indepen- 
dence of [8] when discussing string field theories formulated around conformal backgrounds a 
finite distance apart. Moreover, having a perturbation construction manifestly free of diver- 
gences, which was a main motivation in [9] , should be of utility for the problem of background 
independence where divergences make the world sheet approach very difficult. 

We would like to comment on the relation of the geometry we have been discussing to 
the kind of geometry which has been explored earlier. If we restrict ourselves to the tangent 
vector bundle of the space of conformal field theories, we can construct Riemannian geometry 
using the Zamolodchikov metric [12]. Related work for the case of A^" = 2 theories and a finite 
dimensional bundle has been discussed in [14]. In this paper we have studied geometry of 
the infinite dimensional vector bundle which includes the tangent vector bundle as a finite 
dimensional sub-bundle. (The connection c, restricted to the tangent bundle, gives the usual 
Riemannian connection.) 

We organize this paper as follows. In §2 we will summarize the relevant features of the 
operator formalism for a space of conformal field theories. In §3 we establish that covariant 
derivatives generate CFT deformations and explain Eqn.(l.l). In §4 we discuss some interesting 
connections that arise in a natural way from the CFT data. This will lead us to introduce 
the connections F/j, c, and c. In §5 we give algorithms for computing the coefficients of 
connections. In §6 we give our discussion and computation of curvature, and in §7 we study 
parallel transport over finite distance. Finally, in §8 we conclude the paper with comments 
and open questions. 
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2. Review and Notation 



2.1. Operator Formalism 

Let us recall the operator formalism for conformal field theories. (See, [16], and, sect. 2 of 
[11] for a summary.) To define a conformal field theory, we introduce an infinite dimensional 
linear space of ket-states, which we denote by H, and its dual space V,* of bra-states. The 
same local field <l>j corresponds to both the ket-state | $i) and the bra-state ($j |, called the 
BPZ conjugate in [2]. Let {| be a basis of Ti. We introduce a dual basis |} by 



In [2], I is called a conjugate state of | Given a Riemann surface E with punctures 
Pi,...,Pn and local coordinates zi,...,Zn such that {yi)zi{Pi) — 0, the operator formalism 
assigns an element, (E; zi, Zn |, in the n-th order tensor product 'H*®...®T-L*. If (E; zi, Zn) 
and (E'; z^, z'^ are analytically isomorphic as punctured Riemann surfaces with coordinates, 
we find (E; zi, z„ |= (S';^^,...,^ |. 

One chooses a special two punctured sphere to define a metric. Let E be a two-punctured 
sphere with uniformizing coordinate z, with a puncture at 2; = and a local coordinate z\ — z 
at this puncture, and a puncture at 2; = 00 and a local coordinate ^2 = 1/-^ at this puncture. 
Let {R{zi, Z2) I be the state corresponding to this surface. We then define the metric 



where the state | $j) is inserted at = and the state | $j) is inserted at ^2 = 0. This is 
usually called the Zamolodchikov metric, and it can be shown to be symmetric using conformal 
invariance. The metric can be used to lower the indices on the bra-states 



relating in this way conjugate states to the so-called BPZ conjugates. It then follows that 



I = ^i- 



(2.1) 




(2.2) 



1= I Gji, 



(2.3) 



Gij = {^i I 



(2.4) 
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A state related to the metric state above is the state \ R) G 7i ®7i, defined by 

\R) = Y,G'^ (2.5) 

where G*-^ is the inverse of Gij. The states {R \ and | R) are BPZ conjugates of each other. 

The other important state that we will often use is a standard three punctured sphere. 
This state is denoted as (0, z', oo* | where the puncture at has the standard coordinate z, 
the puncture at oo has the standard coordinate 1/z, and the puncture at z' has the coordinate 
z — z' . The asterisk on oo denotes that for the state space of that puncture wc have turned the 
bra into a ket using | R) . Therefore to get a number we must insert a bra state at infinity, as 
opposed to a ket state at zero. This three punctured sphere will be used to define the operator 
product expansion in the next section. 

The crucial property of the operator formalism is that the states (S; zi, .... Zn \ arc required 
to satisfy the sewing rule: on a punctured surface E100E2 obtained by identification ziwi = 1, 
we must find 

(E100E2; Z2, Zm, W2, Wn |= ((Ei; Zi, Zm \ <8)(E2; Wi, Wn |) | R{zi,Wi)). (2.6) 

Here | R{zi,wi)) converts a bra-state at 2:1 = to a ket-state at wi = 0, which is contracted 
with a bra-state at wi — 0. It has been shown that the sewing property is enough to define a 
conformal field theory unambiguously. (See, for example, [13].) In the operator formalism we 
obtain the correlator of local fields ^i^, at points Pi, P„ as an inner product 

{<^i,{zi=0)...<^>i^{Zn = 0))^ = {^-Zi,...,Zn \ (| | $ij) . (2.7) 

In the rest of the paper we will denote (E; zi, Zn \ simply by (E | unless it is confusing to 
do so. 

Definition of the Virasoro operators In the operator formalism all that is given to us are the 
states (E |. The Virasoro operators are not independent data but can be constructed from 
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these states. This was discussed in [11]. We simply repeat from there the result for the 
construction of Ln from the two punctured sphere with punctures at and oo*. 



L 



d 



■n 




=0 



(2.8) 



n 



where z + '^n^nZ^ is the coordinate at zero, and 1/^ is the coordinate at infinity (recall that 
the asterisk denotes that there we have a ket) . Also 



These expressions will be useful later when we want to compute the covariant derivatives of 
the Ln- 

2.2. Operator Product Expansions 

In conformal field theory the operator product expansion is always an exact statement. In 
the operator formalism it arises because whenever an operator ^i{z) is inside the coordinate 
disk \z\ < 1 of another operator $j(0) located at the origin, their effect on the rest of the 
surface can be reproduced by sewing a three punctured sphere onto the surface. This three 
punctured sphere with uniformizing coordinate w is punctured at 0, z and oo, and the local 
coordinates are w,w — z and 1/w respectively. The operator $i is inserted at w — z, and $j is 
inserted at ty = 0. Such a three punctured sphere, since it has no insertion at one puncture (the 
one at w — oo), represents an element in H, which is the element called the operator product 
expansion. The constraints of dimensionality require that the operator product expansion of 
a dimension (1, 1) field 0^{z,z) (denoted for brevity as Of^{z)) with an arbitrary field $j of 
dimension (Aj, Aj) be of the form 



where 7^ = Aj + Aj, Si — Ai — Ai, and z — rexp{i9). If the field Oij,{z) is to be integrated 




(2.9) 




(2.10) 



k 
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over a region with rotational invariance then we may simply use the expansion 



O.W4i(0) = ^E5fe**«»- (2-11) 

k 

A closely related expression - the expression for the three point function mentioned above - is 

I (0,^,00* II I O,) = (2-12) 



A and 

hand side of the operator product as follows 



We now define symbols D^,- and F^^ by breaking up the sum over operators in the right 



7fc<7« 7/=>7i 

The notation D and F stand for divergent and finite, and refer to the integrability of the 
singularity. Note that each operator can only appear in one of the above sums. We extend 
the definition of D^j^ and F^^^ by setting them to zero for all 7^ > 7^ and for all 7^ > 
respectively 

D^f" = 0, for7fc > 7i, 
= 0, for7fc < 7i. 

We consider H^^ as a matrix with row index k and column index i, and order the operators 
by increasing dimensionality, that is 7^ > 7j when i > j. Then we find that 

V = V + (2-15) 

is a decomposition of H into an upper triangular matrix D and a matrix F that has nonzero 
elements only below the diagonal. 
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2.3. Geometry of Vector Bundles 

Let us consider a family of conformal field theories labelled by continuous parameters 
x'^{li = 1, ...). One has a state space at every point x, which constitutes a fiber of a vector 
bundle V over theory space. As we have recalled in §2.1, given an n punctured Riemann 
surface E, with coordinates around the punctures, a conformal field theory at x specifies a 
bra-state a;(S I- This implies that we have a section (of the n-tensor bundle) corresponding to 
every surface E. Let surface sections denote such sections. 

We denote local bases of Tix and its dual Ti.* by {| and {a;(^* |}- We define a 

covariant derivative of an arbitrary ket-state | s{x)) = X^jS*(a;) | ^i)x, as 

i j 

It will be convenient sometimes to use matrix notation. If we define the connection as a matrix 
operator 

then the covariant derivative of an arbitrary ket can be rewritten as 

D^{T) I s{x)) =1 di^six)) + r^(a;) | s{x)). (2.18) 
Under a change of the basis 

3 

the connection must transform as 

r^ix) ^ N{x) i-di, + r^{x)) N-\x) (2.20) 
so that the covariant derivative in (2.16) transforms in the right way. Likewise, we define a 
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covariant derivative of a bra-state by 

^M(r).(^M=-E-(^'l W- (2-21) 

3 

Then, the covariant derivative of an arbitrary bra-state {t{x) |= 'Y^^xi^^ \ U{x) is given by 

D,{Tm^) 1= I i^M"^) - E (2-22) 

i j 

and, in matrix notation 

D^,{T){t{x) h {di,t{x) I -{t{x) \ V^{x). (2.23) 
A connection is called compatible with the metric Gy, if 

D^{T)Gij ^ d^Gi^ - r^ij - T^j,i = 0, (2.24) 
where F^j j = Ylik^ ni^kj- Finally, the curvature of a connection F^ is defined by 

nJiT) ^ d^J - d^rj - 5:(F,/=F^^ - F,Af^/). (2.25) 

k 

The curvature transforms covariantly under the change of basis (2.19) 

n^^(F) ^ N%^{r)N-\ (2.26) 

As usual, curvature arises from the commutation of covariant derivatives. A simple computa- 
tion establishes that 

[D,{r), D,{r)] I = -($^ I nj{r). (2.27) 

The generalization for an arbitrary (bra) tensor is simply 

[D,{r),D4r)]{s \= -{s I (2.28) 

i 

where n^jy = f^^^j I ^j) ■ (*^* I is the curvature operator, and the superscript (i) in the formula 
labels the various state spaces of the tensor section. This concludes our summary of some of 
the basic facts about vector bundles. Most of our discusssions will be done in the language of 
sections and will therefore omit the label x. The presence of the label x will indicate that we 
are speaking of tensors and other objects in a particular state space Tix- 
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2.4. Parallel Transport 



A large part of the physical discusson in the following sections requires precise formulas 
for parallel transport. In this subsection we will give the required results. 

Let us consider a path x^{s) parametrized by s e [0, e]. Given a tensor t{s — 0) at x^{0), 
we want to define the tensor t{s) along the path by parallel transport. This is just the same as 
requiring that the covariant derivative D/ Ds of t{s) along the path must vanish. For simplicity 
of notation assume t is an arbitrary ket, then the covariant derivative along the path is given 

by 



-|tM>.-|tM> + — Wr„MUW)=o. 



(2.29) 



where, as usual, the derivative d/ds only differentiates the components of the ket. Using 
component notation, | t{s)) — f{s) \ this equation reads 



(2.30) 



and in matrix notation we simply write 



dt 
ds 



^ dx^ ^ 
ds 



M ■ 



(2.31) 



This, as usual, can be solved via a path ordered exponential 



Us) 



t{0)Vexp 



- I ds' r,{x{s')) 



ds' 



+ ^(0)— (o)(a^r.(o)-r^(o)Mo)) 



d'^x^ 



ds 



ds 



...) 



(2.32) 



In the last step we have expanded the path ordered exponential in terms of the standard nested 
integrals, and the first few integrals were evaluated by expanding the integrand around the 
point a;(0) (with the path assumed to be real analytic). This formula will be useful to analyze 
parallel transport beyond first order in s. 
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Whenever we are given a vector section t{x), the covariant derivative D/Ds along a path 
x{s) is simply given by 

Dt dxi^ 



Ds ds 



D^t, (2.33) 



and this formula is valid for any type of section (tensor type). In fact, the notion of covariant 
derivative can be introduced from that of parallel transport; for any section t, the covariant 
derivative can be defined as 

Sx^'D^ t^t{x + 5x^x)- t{x) , (2.34) 

in the limit when Sx^ — > 0. Here t{x + Sx ^ x) is the value obtained when t{x + 5x) is 
transported to x along the infinitesimal segment Sx. It follows from the above formula that 

t{x + Sx^x) ^ t{x) + Sx^'D^ t, (2.35) 

which simply says that one can do parallel transport using a section and its covariant derivative. 
Note that the left hand side is independent of the section used; it only depends on the value of t 
at the initial point and the connection F. Therefore the right hand side, though not manifestly 
so, is also independent of the values of t in the neighborhood of a; + Sx. 

We denote the parallel transport from Hx+Sx to Hx as the map T(r). The above equation 
implies that 

^(r) : I <^i)x+5x ^1 ^i)x + Sx^'D^{T) \ cD^)^ =| $.)^ + 6x^T^,''{x) \ <^>k)x. (2.36) 
For the dual basis vectors we have a map from 'H*_^_§^ to 7i* also denoted by T 



r(r) : x+sx{<^' H x{<^' I +Sx^'D^{r)x{^' \= ,($^ | | rj{x), (2.37) 

The map for the dual space was set up to preserve the contractions between the state space and 
its dual \ ^j) — Sj. It follows that for an arbitrary vector section | t) and an arbitrary dual 
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vector section (s |, the contraction, which gives a number, is not altered by parallel transport. 
Indeed, under such transport we have 

I ^)x+Sx ^1 ^)x + ^X^D^ I t)x ; x+5x{^ I ^ X 

{s I +Sx''D^ x{s I , (2.38) 

and therefore 

x+Sx\^ I ^')x+Sx X 

^x{s\t)a: + Sx''D^{x{s\t)x), (2.39) 

— x{s I t)x ~l~ ^^^d^i^xi^ I ^)a;) ~ x+5x{^ I ^)a;+(5a;) 

as was expected. The first two lines of the above argument also imply that the action of parallel 
transport commutes with the operation of tensor contraction. If s and t are arbitrary tensor 
sections, transporting and then contracting gives the same result (tensor) as contracting and 
then transporting. 

We now want to find the analog of (2.35) to all orders in Sx. Given an arbitrary section t 
and a curve x'^{s) we want to parallel transport t{x{0)) along the curve. Let t{s) denote the 
tensor obtained by paralcU transport. It follows from (2.35) that 

t{e) = t{e) - e^iD^t){e) + 0{^), (2.40) 

where the covariant derivative in the right hand side has been evaluated at s = e (which to 
0{e^) is the same as evaluating it at s = 0). One can show, by iterating the infinitesimal 
transport equation, that the finite version of the above is given by 

s 

t{s) =t{s)-{D,t){s) J ds'—{s') 



s s' 

+ {D,Da){s) J d/^{s') jds"'^^{s") + ... 



S Sl Sn-l 



(2.41) 

It should be noted that all the covariant derivatives are evaluated at the final point of the 
path. It is straightforward to verify this result by checking that ^ = 0. We can rewrite this 
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result in the language of path ordered exponentials 

s 

t{s) = 7'exp(- J ds' D^) t{s) , (2.42) 



where we keep in mind that the covariant derivatives act only on the tensor t{s). 

3. Connections and Deformations 

In §2 we defined the vector bundle over theory space. Regarded as a vector bundle it does 
not distinguish any connections, and one must view all connections to be on an equal footing. 
However we have a vector bundle with the CFT data - a chosen family of sections (E | . This 
suggests that one might characterize covariant derivatives, Df^(T), in terms of their action on 

surface sections. For an arbitrary covariant derivative D^lT), we will show that D^(r)(E | 
generates a deformation of a conformal field theory. 

In §3.1 we will discuss and parametrize the relevant CFT deformations. In §3.2 we will 
prove that £)^(r)(E | generates a CFT deformation. This fact, combined with the parametriza- 
tion of CFT deformations, will lead us to the fundamental Eqn.(l.l). In §3.3 we will examine 

the ambiguities involved in associating with a connection F a pair [D^uj^j) that characterizes 
the CFT deformations generated by F. 

3.1. CFT Deformations 

In this subsection we want to explain what a CFT deformation is. Given a conformal 
theory a CFT deformation changes (within the same state space) the states representing the 
surfaces preserving the algebra of sewing. By definition, such deformations give us a conformal 
theory if we start with one. There are two types of deformations - those that do not change 
the underlying conformal field theory and those that do. We will now explain this idea which 
will lead us to a parametrization of the relevant CFT deformations. 

The notion of a CFT deformation was clearly presented in [11]. The idea is to begin with 
a conformal field theory defined in some state space. This means we have states (E; z^n | 
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satisfying the sewing property 

(E100S2 1= {{J2i;zi, ...,Zm |)( (E2;wi, ...,Wn I) I R{zi,wi)). (3.1) 

We have a CFT deformation if we can define, for every surface E, a deformed state (E, e |, in 
the same state space, so that the sewing property is still satisfied. If we write the deformed 
state as 

(E,e 1= (E I +e5(E I (3.2) 

then the CFT condition 

(E100E2, e 1= ( (Ei; zi, Zm, e |) ( (E2; wi, ...,Wn, e |) | R{zi,wi, e)) (3.3) 

translates into the requirement 

5(EiooE2 I = {S{Ei;zi, ...,Zm |)(E2; wi, Wn | R{zi,wi)) 

+ (Ei; Zi, Zm I ((^(E2; Wi, Wn |) | R{zi, Wi)) (3.4) 
+ (Ei; zi, Zm I (E2; Wi, Wn\ {5 \ R{zi, Wi))). 

Equation (3.4) imphes that if 6i{T, \ and (52(E | are CFT deformations, then a6i{T, \ +/352(E | 
with a, /3, constants, is also a CFT deformation . 

It is important to recognize that in general the sewing state | R{zi,wi)) changes under a 
deformation. In [11] attention was restricted to deformations in which the sewing state remains 
the same. There is no a priori reason to restrict our attention to such deformations. In fact 
when we come to consider higher order deformations we will find it essential to consider the 
more general deformations in which | R{zi,wi)) changes. 

Having defined a CFT deformation we note that all deformations may not change the 
theory. An unchanged theory means that the spectrum of operators is the same and the 
correlation functions are the same. More precisely two theories (E, 1 | and (E, 2 | (described 
in the same state space) are the same if there is a one to one map (linear operator) of the 
state space onto itself, such that the map it induces on tensors takes (E, 1 | to (E, 2 | for every 
surface E. This immediately suggests a class of deformations that will not change the theory. 
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Indeed choose an arbitrary linear operator and let it act on the states (S, 1 | as the generator 
of a linear map. From the above notion of equivalence it follows that this deformation cannot 
change the theory. Let us see explicitly. An infinitesimal similarity transformation acts on the 
ket-states as 

I ^ I + I 

^|$,)+6^a;,^>,-), (3-5) 



while it acts on the dual bra-states as 

|^($* I -e($* I u 



(3.6) 



so that the duality — is preserved under the transformation. Eqn.(3.5) imphes 

that the ket-state | R) transforms as 

I R{zi,Z2)) ^1 R{zi,Z2)) + e(u^'-^+u^''^) \ R{zi,Z2)) (3.7) 

Similarly, (3.6) implies that the state (S |, corresponding to an n-punctured surface S, trans- 
forms as 

n 

(E 1^ (E I -^(E I (3.8) 
1=1 

Prom the fact that the similarity transformations cancel out for the state spaces that are 
contracted, we see that Eqn. (3.8) is a CFT deformation. We have then a large class of CFT 
deformations that do not change the theory. 

Having identified all the deformations that do not change the CFT let us now consider 
CFT deformations that do change the theory. A prescription for these was given in Ref. [11], 
as 

(5°(S \=- j d^z {T.-Z I O), (3.9) 

where | O) is the ket-state corresponding to a marginal field O inserted at and the integral 
is performed over E with the unit disc around each puncture excluded. The requirement of 
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marginality is necessary if the integral on the right hand side of Eqn.(3.9) is to be well defined. 
Marginality makes the integrand independent of the local coordinate used. Since the sewing 
of two surfaces is defined via identification of two unit circles, the above rule manifestly yields 
a CFT deformation. With this formula the sewing state | R{zi,Z2)) does not change. The 
reason for this is that the local coordinates cover the whole surface and hence there is no area 
to integrate over. Since deformations form a linear space we can modify (3.9) by the addition 
of an arbitrary similarity transformation to get 

5'"(E|= / (fz{E;z\0)-^{J:\J^. (3.10) 

Eqn.(3.10) parametrizes the space of CFT deformations. Deformations are parametrized by 
choice of | O) and the pair {D, cu), where D is the excluded domain and cu is an arbitrary linear 
operator. 

Ambiguities in the pair {D,uj) There is overcounting in the parametrization of deformations 
since a change in D can be compensated by a change in cu to obtain the same deformation. Let 
us see how this works. For convenience we take a domain D and a domain D' entirely included 
in D [D' C D). The argument has a simple modifiction if D' is not entirely included in D. We 
wish to determine uj' — uj such that {D, uj) and {D\ uj') generate the same deformation. Let us 
start with the pair (D, uj) and break up the domain D into D' and D — D' to get 



5^{J: \ = - J d^z{J:; z I 0{z)) - 5^(E 
E-UA * 

= - j <fz{T.-z\0{z)) + Y, J dh{E;z\0{z))-Y^{E 



(3.11) 



E-UD' ' Di-D' 



Now in the integral over D — D' replace the surface state (S; z \ by the original state (S | 
with a standard three punctured sphere sewn to it at the puncture under consideration to 
obtain 

(E;z 1= (E I (0,^,00* I, (3.12) 

where the asterisk denotes that this puncture is turned into a ket; the ket is then contracted 
with the state space in (E | that represented the original puncture. It should be noted that 
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exactly the same factorization holds for every puncture. Therefore 

J2 j d^z{T.-z\0{z)) = {Y.\Y^ J (fz{0,z, oo* \0{z)), (3.13) 

where the integral in the right hand side is a matrix operator in the state space i. Substituting 
this in Eqn.(3.11)we deduce that 

uj' -uj^ - J d^z{0,z, oo* \0{z)). (3.14) 

D-D' 



There is a further ambiguity in specifying oj since one can change it by the addition of 
a symmetry and the deformation will not change. Let us recall how this works. We usually 
think of a symmetry in a conformal theory as generated by dimension (1,0) or (0,1) operators 
of theory. If Ja{z) denotes a holomorphic (or antiholomorphic) current then the Ward identity 

of this symmetry is obtained by inserting the operator on a surface and integrating it around 
each of the punctures. We then obtain the identity 

{E,Zi...Zn\{Ja,o\^l))....\^n)+ ■■■ + (S, ^i...^^ | *i)....( J^^q | $n)) = 0, (3.15) 

where Ja,o — § ^Ja{z) is the zero mode of the current. Ja,o is a linear operator in the state 
space of the theory. Since (3.15) holds for any set of states we can rewrite (3.15) as 

n 

J«=0. (3.16) 

More generally, a symmetry is an operator which preserves correlation functions when acting 
on the states of a theory. With this definition in mind we see that any operator S satisfying 
Eqn.(3.16) (with S replacing Ja,o) is an infinitesimal symmetry. The zero modes of (1,0) (or 
(0,1)) operators are only special ways of constructing such symmetries. This concludes our 
discussion of the ambiguities in specifying a pair (D, uj) corresponding to a CFT deformation. 

We have so far considered a fixed deformation and investigated different ways of repre- 
senting it in terms of {D,uj). This investigation allows us to say more. If our interest is in 
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the equivalence classes of deformations - parametrized by | O) and {D,uj) - that yield the 
same deformed theory then we find that all deformations with the same | O) are in the same 
equivalence class. Indeed changing ui as stated earlier does not change the theory and we have 
just seen that changing D is equivalent to changing cu. In other words the equivalence classes 
of true deformations are parametrized by the marginal operators - an expected conclusion. 

3.2. COVARIANT DERIVATIVES GENERATE CFT DEFORMATIONS 

We want to show now that an arbitrary covariant derivative Df^iT), generates a CFT 
deformation. In other words we wish to show that whenever we deform states as 

(E,e 1= (S I +efe^D^(r)(S I (3.17) 

the sewing condition 

(E100E2, e 1= (Ei; zi, Zm, e \ (E2; wi, Wn, e \ R{zi, wi, e)), (3.18) 

is satisfied. The proof is essentially a triviality once we realize what (3.17) means geometri- 
cally. It follows from (2.35) that the right hand side of Eqn.(3.17) is simply the surface state 
obtained by parallel transporting, with F, the state (E | at x + eSx, to x (to first order in 
6x). Therefore, our explanations below Eqn.(2.39) suffice; sewing corresponds to tensor con- 
traction, and our deformation above is generated by paralel transport; since parallel transport 
and tensor contraction commute, the deformations generated by covariant derivatives are CFT 
deformations for any choice of connection. 

We must ask what | O) and {D,u;) correspond to these deformations. The existence of 
a family of CFT's implies a map from the tangent space at x to the marginal states | O) in 
Hx- We therefore can speak of the marginal states | O^) corresponding to the basis vectors 
in the tangent space. In fact, we take as the definition of a family of conformal theories the 
statement that for any connnection F, Z}^(F)(S | is generated by | C^). This means 

D^(F)(S|=- J dh{^;z\0^)-Y,{^\4\ (3-19) 

for some choice of an operator one form 00^ and domain D at each point in theory space. This 
is an important equation. It will be the starting point of much of our later work. It explains 
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the relation between covariant derivatives and deformations, and, as we will see, the variational 
formula postulated in ref. [9] follows directly from it. It is appropriate to regard this formula 
as part of the very definition of a space of conformal theories. 

We note that the space spanned by the | C^)'s might only be a subspace of the space of 
marginals. This idea has been elaborated in refs. [15]. The | C^)'s correspond to the exactly 
marginal states. We will recover later in our analysis some of the conditions that must be 
satisfied by the exact marginals. 

Let us see how equation (3.19) works as we change the connection F. For any connection 
F' = F + AF we have by definition that 

n 

D^(F + AF)(S 1= D^{r){^ I - ^(S I AF(^). (3.20) 

i=l 

If Eqn. (3.19) holds for the connection F then Eqn. (3.20) implies that for the connection F' 
we find 

„ n 

D^(F')(E|=- J {E;z\0^)-J2{^\4'\ (3-21) 

with uj'^ ^ uj/^ + {V -r). 

Ambiguities in the pair {D,uj^) As in the case of deformations ( Eqn. (3. 10)), Eqn. (3. 19) also 
implies an ambiguity in the association of a covariant derivative with a pair (D, uj^). The only 
difference is that D and o;^ can be chosen at each point in theory space. Again, a change in 
D can be compensated by a change in uj^. It is also clear that {0,00^ + s^) is another pair 
associated with £>^(F) if (D,a;^) is. Here is a symmetry one form, that is, an operator for 
which s^^ 5x^ is a symmetry for any choice of tangent vector 5x^. Besides the ambiguity in 
associating a pair (D, o;^) with a connection F there is an ambiguity in the reverse direction 
as well due to the presence of symmetries. Prom (3.21) we see that 

D^(F + s)(E|=D^(F)(E|, (3.22) 

This implies that given a pair {D,uj^), the corresponding connection coefficients T^^ are am- 
biguous up to the addition of symmetry coefficients s . This fact will be relevant in §5. 
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4. Canonical Deformations and Connections 



In the previous section we have found that covariant derivatives generate CFT deformations 
and that allowed us to identify clearly the role of connections. We will now investigate whether 
any covariant derivatives are distinguished by the CFT data. We have approached the issue of 
distinguishing connections in the spirit of exploring the possible connections and pointing out 
some that have interesting characteristics. Without the CFT data we characterize connections 
in terms of metric compatibility, curvature, and finiteness of parallel transport; the presence of 
CFT data gives a new characteristic - the pair [D, that determines the covariant derivative 
of surface sections. It is this additional characteristic that will be the focus of our attention. 
There are pairs {D,u!^) that are natural in the manner of their construction. The natural 
connections, then, are those that are associated with these pairs. 

4.1. The connections Td 

We see that specifying the right hand side of Eqn.(3.19) amounts to choosing a pair (D, uj^). 
In general we need to make choices for this pair at each point x in theory space. There arc 
some deformations that can be regarded as constant. An analogy is in order. If we are asked 
to choose functions on a manifold we have choices to make at each point on the manifold. 
However the constant functions are special in that there are fewer choices to make. In the 
same way if we fix the domain to be the same at all points and set 00^ — 0, then we have 
obtained the analog of the constant functions. The connections that yield such deformations 
will be denoted Td 



One particular case of interest is the case where D — D (the unit disc). The corresponding 
connections will be denoted F. 

Wc will now show, on general grounds, that F is always compatible with the metric Gij. If 
wc consider a two-punctured sphere S, with uniformizing coordinate z and local coordinates 
zi = z and Z2 = 1/z, around z = and z = oo respectively, then the unit disks around the 
punctures cover precisely the sphere. This implies that D^(F)(E |= 0. Given that the bra 
(E I can be written as (E |= | {^■' |, the vanishing of its covariant derivative is, by 

definition, the statement of metric compatibility. 




(4.1) 
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4.2. The connections c and c 

When a space of conformal theories is constructed from path integrals we expect that the 
derivative of a correlation function will be given by an integral of the conjugate operator 
over the entire Riemann surface without any excluded domain. This is too naive, however, 
due to the presence of divergences when the operator approaches another one. A way that this 
might be corrected is to subtract just the divergent parts away. This was the motivation that 
led [9] to the introduction of the variational formula with the connection c. In this subsection 
we will switch from the operator formalism to the language of correlation functions. Though 
just a change in notation, it is useful to be able to move from one to the other. This was the 
language used in refs. [9]. 

We consider a set of fields ^i{x) with i e S {a set) inserted on the surface E with local 
coordinates Zi. If we expand a surface state, say, with n punctures as 

(Eh ^h-M, (4.2) 

ii---in 

the coefficients Ej^...j„ of the expansion are given by the correlators of local fields 

Ei,..i„(x) = (E I (l ^i,{x)) ® • • • ® I *i„(x))) = {^i, ■ ■ ■ $i„>j,. (4.3) 
Conventionally, we define 

L>^Ei,...i„ = (L>^(E I ) I ^i,) • • • I $i„). (4.4) 

This gives, as usual, 

D,jT.i^-i„ = du'Li^..^^ — r^j^S;j..,j^ _ . . . _ r^j^Sj^.,.fe. (4.5) 
Therefore, in the language of correlators, our equation (3.19) reads 

(4.6) 

Expanding out, this formula reads 

d, <n *^(^^)>E = - f d'z {0,{Z) n *^(^^)>E + E E (^M ' " ^M*') ' {"^^izi) J] ^A^j))^- 

ieS E-UiA 

(4.7) 
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The connection c. The connection c [9] is defined with an exchided domain D that tends to 
zero, and an c<j^ that corresponds to subtracting away the divergences as 0^{z) approaches 
each of the punctiu^es. Whenever approaches a puncture we can use the OPE expansion 
to write the subtraction term. We take 



The choice of excluded domain and subtraction can be read by comparison with Eqn.(4.6). 
Another way to think of this definition is that we always integrate the insertion over S — UiD|, 
that is over the surface minus the unit disks. In addition, we do selective integration over the 
disks. Whenever 0^{z) enters a disk D] we use the operator product expansion of with the 
operator sitting at the puncture, thus inducing a sum of operators. For operators appearing 
with nonintegrable singularities we simply do not integrate any further, for operators appearing 
with integrable singularities we integrate over all the disk. 

Since for nonintegrable singularities we do not integrate beyond the unit disc, c is related 
to the connection F (where no operator is integrated beyond the unit disks) by the integral of 
the finite part of the operator product expansion, that is. 




(4.8) 




(4.9) 



For 7i > 7A;, F — and we have 



c 



k 




for7i > 7fc. 



(4.10) 



For 7i < ^jk we have 




(4.11) 
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where Eqn.(2.13) was used. We will show in the next section (Eqn. (5.10)) that 



V^^^'^^' fo^ 7.^7.- (4.12) 
li-lk 



Substituting Eqn.(4.12) into Eqn.(4.9) we obtain 



c^i^ = 0, for7i<7fc. (4.13) 
Thus the connection is upper triangular. 

The connection c. There is yet another interesting connection where we still integrate the 
insertion all over the surface, but the subtractions uj^ are modified. We saw that the uj^ for 
the connection c was given in terms of an integral involving the upper triangular matrix D^. 
The integral can be performed to obtain 

DjS 



(4.14) 



We recognize that the first term in the last right hand side has a finite part in e which is 
nothing else than the above-diagonal part of the upper triangular connection c. We may do a 
'minimal subtraction' where we only subtract the divergences in the expansion in e and retain 
the finite terms. This suggests that we define a connection c which satisfies 



ieS E-UiZ)| 

^•^Q V^v.^^'v.- '* l'^ / -,(=.9 



(4.15) 

Such a 'minimal' connection c is diagonal and equals the diagonal part of the connection F 



26 



The diagonal connection c is compatible with the metric. Indeed 

D^{c)Gij = d^Gij - c^tGkj - cjGik = 0, (4.17) 

because when 7^ 7^ 7^ all three terms vanish given that both G and c are diagonal, and, if 
7i = Ij, the vanishing follows because for all diagonal elements c — F, and F was already 
shown to be metric compatible. 

We will write Eqn.(4.15) in the operator formalism since it will be of use later. We first 
rewrite it as 



ieS 



(4.18) 



where we have defined 



0, if 7fc > 7i; 



V(^) = <! "^^'^ e^.-^. ^ if 7^ < (4.19) 



We then define the operator 



=1 <^>it) ■ I (4-20) 



and can now write Eqn. (4.18) as 

D^(c)(Ehlim[- j d^z{Y.;z\0^{z))-r{T.\ Y.vf{e% (4.21) 

where the i index in the second term refers to the puncture (or state space) where the operator 
is inserted. 

This completes the discussion of the special connections, the most interesting of which will 
be the connections F, c and c. We may regard the three of them as connections associated with 
a pair (L>, o;^) where D is zero and uj^ is the subtraction of three point functions integrated 
over the unit disc. For F we subtract all matrix elements, for c we subtract those matrix 
elements that have divergences, and for c we subtract only the divergent part of the divergent 
matrix elements. 
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5. The Connection Arising from a Deformation 



We have so far taken an arbitrary covariant derivative and considered its action on the 

surface sections (E |. We saw that this aUows us to associate with the covariant derivative 
the pair {D,Uy). We can now invert the process. We consider a particular pair {D^uo^) and 
ask for a covariant derivative D^(T) associated to that pair. For example, we may ask for the 
explicit form of the connection V which is associated with the pair (D^, 0). 

This problem of inversion is the subject of this section. We begin with some observations 
about the nature of the problem which will allow us to formulate the problem precisely. We 
will proceed through the use of the Virasoro operators. In particular we will compute the 
covariant derivative of the Virasoro operators. This information will be used to determine the 
connection coefficients T for 7^ 7^ 7j in terms of OPE coefficients and uo^. All other con- 
nection coefficients follow from the knowledge of the connection coefficients coupling primary 
states of the same dimensionality. 

5.1. Formulation of the Problem 

Since two connections differing by a symmetry generate the same deformation, a defor- 
mation cannot fix the connection completely unless there are no symmetries. Once a basis is 
chosen, if the matrix element of sj between two basis states $j and is zero then T J is 
unambiguous. Hence all such matrix elements can be determined in principle. 

Our problem is that of a set of linear equations for F^^-', one for every choice of surface 
with local coordinates around the punctures. Hence we have an overdctcrmined system of 
equations. However there is no problem regarding the existence of a solution to this system of 
equations due to the argument leading to Eqn.(3.19). Given an arbitrary F there is an uj such 
that (3.19) holds. Since any two CFT deformations (associated to 5x^) can only differ by a 
choice of uj, and a change of uj can be traded by a change in F, there is some connection that 
yields any CFT deformation we may choose. It must be emphasized that while our concrete 
discussion in the present section will be carried out for the pair (D\0) giving rise to the 
covariant derivative D^(F), the strategy applies to any connection. 

There are then two steps involved in obtaining information from this system of equations. 
First we must choose a basis. This determines which matrix elements of F can even in principle 
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be determined. Second, we must choose a suitable set of equations so that we can solve for 
some or all of these solvable coefficients. Our goal is then to choose a basis with the greatest 
number of solvable coefficients and choose equations that are the simplest to solve. 

5.2. Using the Virasoro operators 

One way to make the two choices hsted above is through use of the Virasoro operators. 
The motivation is as follows. If we choose a Lie algebra of operators which commute with all 
the symmetries, then the symmetries will not mix representations that are inequivalent and 
the mixing within the same kinds of representation happens in a manner that is constrained 
and known. One can then choose a basis within each irreducible representation which when 
combined will yield an overall basis in which we can easily identify some matrix elements of 

that can in principle be determined. In using this observation we will be assuming that 
the same Lie algebra is represented in each of the representation spaces. 

Choice of basis An obvious choice for such a Lie algebra is the Virasoro algebra which always 
commutes with the symmetries 

[S,Ln]^0. (5.1) 

To see why this is true we note that the L^s (as reviewed in §2, Eqns. (2. 8), (2. 9)) are defined 
intrinsically via two punctured spheres with one puncture representing a bra and the other a 
ket. Thus invariance under symmetry of the surfaces implies that 

SL^S ^ — , (5-2) 

since if we use S to transform the kets, we must use to transform the bra. Equation (5.1) 
follows immediately from (5.2). 

Having seen that the L^s commute with any symmetry S we see that choosing a basis 
constructed from irreducible representations of the Virasoro algebra will be an option inde- 
pendent of the actual symmetries of the theory. An arbitrary element of the basis is labelled 
as 

L-n\L-n2 • • • L-rij \ h, h, l) 

where | /i, i) is a primary state of dimension (/i, h) and i — l...m indexes the the m different 
primaries of this dimension. 
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Choice of Equations. Having chosen a basis let us now address the choice of equations for 
the computation of the matrix elements of the connection. The equations we will choose are 
obtained by taking the covariant derivatives of the sections corresponding to the Virasoro op- 
erators. When studying the resulting equations we will write them out with a basis determined 
by the Virasoro operators, as discussed earlier. 

We do our computation for the connection F. Since this connection is associated to the pair 
{D^,0) we can obtain the covariant derivative of the L'^s from Ref.[ll] (Eqn.(3.1.4)). Using 
our normalization, the result is 

D^{f) Ln= j z''+^ (0, oo* I O^), (5.3) 

\z\ = l 

where we orient the contour hy § dz/z — — 27ri. In components this equation reads 

\z\=l 

2. ^ (5.4) 

_ /■ ^ ine -I {s,-s,)e _\ TT 

^ 

where we have used the OPE (2.13). Similarly, by choosing v non- vanishing instead of v, we 
obtain another Virasoro condition. All in all we have 

These are the equations expressing the covariant derivatives of the Virasoro operators. 
Expanding out the expressions for the covariant derivatives as 

{D,(r)Ln)^' = d, (Ln)/ - V iLn)k' + iLn)i'fJ, (5.6) 

substituting into Eqn.(5.5) we find 

(Ln)/' - r^i'^ {Ln)i^ ^[Ln, T^]/ = 9^ {^n)/ - HJ Sgi^Sj-n- (5.7) 

This equation and its analog can be studied to obtain some of the coefficients. We write them 
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as follows 

1 
2 



Solving the Equations 

We now have the equations that we wish to solve. When n — the above Virasoro 
conditions give us the following equations 

where i, k are not summed. (The generalization of these conditions for massive renormalizable 
field theories have been derived in ref. [9].) The first equation determines a great part of the 
connection; in particular, for ^ jk (which means i ^ k) we obtain 

p .^V^^ for 7.^7.- (5.10) 

li-lk 

The second of (5.9) implies that the connection coefficients relating two operators of different 
spins must vanish 

f^,^ = 0, lorsi^Sj. (5.11) 

The equations (5.9) also imply consistency conditions. For example the first equation shows 
that for 7i = 7^ but i ^ j we must have H^^ — 0. This equation is a necessary condition 
generalizing the familiar conditions requiring that the dimension of the marginal operators 
should not change under their own flow [15]. We leave a fuller investigation of the consistency 
conditions for a future work. 

Having obtained F^^ for 7^ 7^ 7^ let us now show that for 7j = 7^ the Virasoro conditions 
(5.8) determine all connection coefficients in terms of the connection coefficients connecting 
primary fields of equal dimensions (assuming we have a unitary theory, and there are no linear 
relations in the Verma modules). Consider the first equation in (5.8) for the case that n 
is a negative integer. Here the choice of basis we have made will have a significant effect. 
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The first term of the equation reads {L^n)i T^^^. The sum over states k here only gets a 
contribution from one state, the state k = L-nh and the matrix element is one. Therefore 
i^-n)i^ = ^d-nV and we find 

^,Li = I Hj5s„s,^n - d,{L_n)i + E V (^-n)/- (5.12) 

k 

Here in the left hand side we have a descendant field, and we want to relate this term to 
connection coefficients where the lower index represents a primary field. The only case of 
interest here is when (Aj, Aj) — (Aj + n, Aj), since otherwise the connection coefficient is off 
diagonal and therefore known. It follows that under this condition, the sum indicated in the 
last term of the above equation can only run over states k with (A^t, A^) = (Aj, Aj) and we 
have 

KLi - - 9,{L.rOi + E ^,t(L-n)l (5.13) 




Note that in the right hand side the connection coefficient involves the state i and not 
Thus this equation can be used recursively to relate the connection coefficients with an arbitrary 
descendant in the lower index, to connection coefficients with a primary in the lower index. In 
particular, if j is primary, the sum vanishes identically. Note also that in general the states 
k to be summed over can be either primary or descendant. This relation therefore expresses 
Jesc' ■with the asterisk denoting an arbitrary state, in terms of r^^"™^ and ^^'^p^im- Thus 
our problem is now to show that a connection coefficient of the type '^prim t)e found. 

To this end consider again Eqn.(5.8) this time taking n > and i to be a primary state. 
We then have 

E = -\H^s.,s,+n - d,{L^)i. (5.14) 

k 

Since we are interested in diagonal terms we want to implement the restriction (A^, A^) = 
(Aj, Aj). In order to attain this we fix n and consider states j such that (Aj, Aj) = (Aj— n, Aj). 
Under such circumstances we then find 

E = - MLn)i. (5.15) 

Afc=Ai 

Note that the sum extends only over /c's that must be descendants. The most general situation 
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one must consider corresponds to the case when the primary field i is degenerate with the set 
of descendants at level N arising from another primary field i' . For the case when we have 
a unitary theory, and there are no linear relations in the Verma module corresponding to the 
primary field i', it is not hard to see that the above relations determines all the connection 
coefficients. This is done by solving successively for the connection coefficients F^^, where k 
are the descendant fields, broken into groups according to the number of Virasoro operators 
needed to obtain them from the primary state: L-m | i'), -t'-ni-^-n2 I with ni > n2, 
L-niL-n2L-n3 \ i') with ni > 712 > 'T'S, and so on. For each element L_„^L_„2 • • ' L-uj \ i'), 
we take n = ni in the above formula, and pick | j) = L-n^ ■ ■ ■ L-nj \ i')- The interested reader 
may verify that this procedure works. 

5.3. Using Kac-Moody currents 

We have so far discussed one method of setting up a basis and choosing a set of equations - 
a method that uses the Virasoro operators. We will now make a cursory discussion of another 
possibility which yields a greater number of coefficients explicitly. Recall that with the Virasoro 
method only the coefficients with 7^ ^ jj could be determined explicitly. The full investgation 
of this possibility is perhaps best done in the context of an example - a task we leave for the 
future. 

To motivate the discussion we notice that the equations we solved in the earlier case arose as 
the covariant derivative of the Virasoro operators - or in other words of the conformal field T{z). 
One might consider the equations corresponding to the derivatives of other conformal fields 
and try to solve the equations in a basis appropriate to those conformal fields. As discussed 
earlier the coefficients of a connection in a particular basis can be determined explicitly only 
if that coefficient is zero in any symmetry one form s^. We must choose the conformal fields 
with care if the number of explicitly determinable coefficients is to be enlarged. 

We now consider the possibility that throughout theory space we have a set of holomorphic 
currents Ja{z) (and/or a set of antiholomorphic ones) generating a Kac-Moody symmetry. 
Since a primary operator has dimension (1, 0), we have the usual expansion 




(5.16) 



n 
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and the operator product expansion of two currents is given by 

Ja{z)Mw) = + tf^, Mw) + ... (5.17) 

We now consider evaluating the covariant derivative of the current operators 

D^{r)Ja{z) = D^{r){{0,Z,OO* I Ja)) = {D ^{F) {0 , Z , OO* I) I Ja) + {0,Z,OO* I (L>^(r) I Ja)) , 

(5.18) 

where the states | Ja) — Ja{z = 0) \ 0) are defined all over theory space. We must evaluate 
the right hand side of this equation. The second term in this right hand side, however, is 
ambiguous because -D^(r) | Ja) is ambiguous. We need to make a choice. Our choice is not 
completely arbitrary since only the connection coefficients relating | Ja) to the states generated 
by symmetry transformations on | Ja) are ambiguous. Then the right hand side is known (at 
least in principle), and one can proceed in analogy with the argument that was used to solve for 
the connection coefficients in the Virasoro method. While we do not analyze these equations to 
solve for the coefficients we have evaluated the first term of the right hand side of Eqn.(5.18) for 
future reference. We leave this instructive calculation for Appendix A. Using the connection 
c, we have obtained 

($^- I [d,{c){0, z, oo* i) I I Ja)^ -\ ■ \ H^j^^^J . 5a,a, • %,,A. (5.19) 
6. The Curvature of the Connections 

In this section we will compute the curvature of the connections we have been studying. 
The curvature of the connection c has been already computed in ref . [9] . Here we will streamline 
the derivation considerably, and this will allow us to give a simple proof that the connections 

are flat. 

The connection F (F/^ for D equal to the unit disk) was expected to be fiat. Notice that 
any surface state (S | corresponding to a surface with local coordinates that cover it precisely 
must have zero covariant derivative with respect to the connection F. Thus we have an infinite 
number of linearly independent nonvanishing sections that are covariantly constant. We would 
expect zero curvature in analogy to the situation for dimension n vector bundles, where the 
existence of n covariantly constant basis sections guarantees zero curvature. 
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6.1. Preliminary Discussion 



As we have seen, the general expression for the covariant derivative of a surface state with 
an arbitrary connection is of the form 



D^(r)(s|=- J <fz{T.-z\o^)-Y.{i: 



u^. (6.1) 



We wish to compute the curvature of F using the above formula. As we know, the commutator 
of two covariant derivatives acting on a tensor must give curvature, that is 

[D,{Vl D,{V)] (E h -(S I E n «(r). (6.2) 

i 

It is certainly no^ manifest that using the right hand side of Eqn.(6.1) (the variational formula) 
to compute the commutator will give a result compatible with (6.2). Our strategy will be to 
compute the commutator for a particular connection where it will be relatively straightforward 
to understand the conditions under which Eqn.(6.2), as evaluated with the variational formula, 
holds (and in doing so obtain the value of the curvature). This will imply that (6.2) holds 
in general, for we will prove next that upon a change in the connection, the commutator 
transforms as expected. 

It follows from the formula giving the curvature in terms of the connection that 

A^, = Q^,(r + e)- Q^,(r) = n^,{e) + v,e^ - v^e, + e,v^ - e^v,. (6.3) 

We must check if this property follows from our expression for covariant derivatives of surface 
states (the variational formula). To do so let us compute explicitly the additional terms A^i^ 
that arise when we change the connection from F to F + ^. We must verify that we obtain the 
expression in the right hand side of (6.3). We find 

A^, = ( D^{V + e)D,{V + e)(E I -L'^(F)L>,(F)(E \) - {y, ^ v) 

= D^{r + e)(-[ (fz (E; z\o,)- Y,{^ I (^?^ - #)1 

^ i -1 ^ (6.4) 

- D^{V) j Sz (E; z\0,)- ^(E | u'i^^ - (// ^ i^), 
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where S' = S — UjDi. Applying the variational formula again we find 



V = / d'z I (I a) ^^^+ I O,) ^W) + 5^ (E I {el^^d'^ + 4^^^W + ^W^OJ) 



and the antisymmetrization leaves us with 

n 



(6.5) 



(6.6) 



i=l 



A simple computation expanding the term in brackets in the above equation shows that, as 
desired, it is equal to the right hand side of (6.3). This result estabhshes that if for some 
covariant derivative, its commutator, as computed using the variational formula, gives just 
curvature, this will be the case for an arbitrary covariant derivative. 

We would like now to use Eqn.(6.6) to investigate what happens to the curvature if the 
connection F is changed by a symmetry, i.e., if we let 9^ = S^. We then have 



n^,{T + S)- n^,{T) = {D^{T)S, - D,{T)S^) - {S^S, - S,S^) . 



(6.7) 



The second term in Eqn.(6.7) is a commutator of symmetries and therefore it is itself a sym- 
metry. Let us investigate under what conditions the first term is also a symmetry. Using 
ELi(S I si = Owe find 

n n 

5](E I (i^^(r)5« -D,(r)5«) = [{d,{t){e I) 5« - (D,(r)(E |) 5«] (6.8) 
i=i i=i 

We now use the variational formula with some radius e, to obtain 



10 I V n 10 

5](E I (D,(r)^« - i^.(r)4^)) --T. d'z (E; . I O^) 5« - 5] (E | ^« 



i=l v^, i=l 



(6.9) 



Since S^, \ O^) = (as argued below Eqn.(A.3)), the vanishing of the right hand side of (6.9), 
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for all (E I, requires that 



[Sy.uj^] - [5^, u^] ^ 0, 



(6.10) 



where the equivalence relation means that the objects to the left and to the right of the 
symbol are equal up to a symmetry operator. Eqn.(6.10) is then the condition that ensures 
that adding a symmetry to the connection changes the curvature by a symmetry 



We see that for certain natural connections the class of connections related to it by a symmetry 
all yield identical curvatures up to symmetries. Eqn.(6.11) is a necessary condition on a 
connection V to be able to write its curvature (up to symmetries) in terms of the pair {D,Un). 
Indeed, this pair does not change as we vary the connection by a symmetry, implying thereby 
that the curvature must not change by more than a symmetry. 

Verifying Eqn.(6.11) for F^), c and c. The connection T satisfies this naturality condition and 
so does the connection c and the connection c. This is readily verified by showing that (6.10) 
holds. For Tjj, we can choose a domain D such that a; = 0. For c we choose a radius r} (which 
eventually is taken to zero) and recall that 



where Ad acting on a matrix operator yields the part of the operator above the diagonal. 
To evaluate the left hand side of Eqn.(6.10) we note that in general for any operator M — 
MAd + + Msd, where Bd denotes the part below the diagonal, and a diagonal operator S, 
we have that 



(6.11) 




(6.12) 



?7<|w|<l 



[MAd. S\ = [M, S]Ad. [MBd. S] = [M, S]Bd- 



(6.13) 



For our particular case let 




(6.14) 



7y<|w|<l 
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so that Myi^d = u}'^{ri). We then find 

[M, S]^ j (fw [ (0, w, oo* I 0^{w)) ,S] = - J d^w{Q,w,oo*\S\ 0^{w)) = 
■n<\w\<i ?7<|w|<i 

since S \ O^) = as discussed above. Back in Eqn.(6.13) we find that [co'^(?7), S] = 0, which is 
the desired result. For the connection c 



j (fw {Ad + Bd) {0, w, oo* \0^{w)), (6.15) 



7?<|w|<l 

and a similar argument using (6.13) shows that [Lj'^{r]),S] = 0. This concludes the proof that 
the connections F, c, and c are natural ones. 

6.2. Computation of il,j,^{c) and r2^jy(c) 

Let us now introduce the linear operators Sg^ and Fp^, which will be defined acting on 
functions of r(= \z\) of the following type 

where n is a constant integer, and where a = a{x) could be a function in theory space. A 
simple example of such functions has already appeared in operator product expansions (see 
Eqn.(2.13)) where n — 0, and a — 2 + — ^j^. If the functions fa,n{''^) a-re integrated around 
r — with the usual measure rdrd9, the integrals are finite whenever a < 2, and divergent 
whenever a > 2 (for all values of n > 0). The operator Sg^, with Sg for singular, picks the 
unintegrable functions, namely, those with a > 2, and kills the others. The operator Fp^, with 
Fp for finite part, picks the integrable functions, namely, those with a < 2, and kills the others. 
It follows that Sg^ + Fp^ = 1, when acting on sums of functions of the type indicated in (6.16). 
It is an important property that the action of these operators (on sums of /'s) commutes 
with the operation of covariant difi^crcntiation we have been studying. This follows because 
differentiation does not affect the r-dependence of the functions except in the case when the 
function a{x) is differentiated. In this case we pick an extra factor of Inr and therefore the 
integrability property of the function is unchanged. 
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The operator Sg can be used to express the subtraction operator 00^(7]) necessary when 
taking covariant derivatives with the connection c. We have that 



(77)= j d^wSg^{0,w, 00* \0^{w)), (6.17) 



7y<|w|<l 



where, with a shght abuse of notation, we indicate the point where is inserted in the ket 
itself. 

We consider now a surface state (E | , which we assume to be equipped with local coordi- 
nates at the punctures such that the associated unit disks are well defined and disjoint. The 
covariant derivative D^{c) of such surface states can be written as 

D^(c)(S|=lim[- j d^z{T.;z\0^) + Y. j d'zSg'-y^{{T.-z\0^))\. (6.18) 

\z-yi\>e * t<\z-yi\<l 

We break the first integral into a piece outside the unit disks, and additional pieces that 
combine naturally with the second term: 

L'^(c)(Eh- j d^z{i:-z\0^)^Y. j c^'^Fp^-^*((E;z|0^)). (6.19) 
\z-yi\>l * \z-yi\<l 

This is a useful way of writing the covariant derivative D^{c) of a surface section. It should 

be emphasized, however, that when wc take a second covariant derivative we cannot use this 
result, since the surface states obtained after the first derivative do not satisfy the condition 
of having disjoint unit disks for all punctures. The puncture associated to the insertion of O 
{z in (E; z |) can be arbitrarily close to the other punctures. 

We can now begin our computation. Making use of (6.19) we immediately obtain the 
following expression for the commutator of two covariant derivatives 

[D^{c), D,{c) ] (E h - J dhF^^iz) - 5^ J dhFp'-y^{F^,,{z)), (6.20) 

\z-yi\>l ' \z-yi\<l 



39 



= lim 
r7->0 



where Fny{z) is given by 

F^,,{z) = D^(c)((S;z I 0,))-D,{c){{E-z\ O^)) 

J dM^;z,w I (I 0^{w)) I 0,{z))- I aH) I 0^{z))) 

\w-yi\>v 

|WJ — z|>7/ 

+ {j:;z\{u;^^(rj) + J2^f(rj))\OAz)) (6-21) 

i 
i 

+ {E;z\ {D^\0,)-D,\Of,)). 

Here cj^ is defined in (6.12), and, following our comments above, the derivative of the surface 
states (S; z \ has been computed using the original expression and not the simplified form in 
(6.19). 

Analysis of Singularities In order to simplify further our analysis we must understand the 
nature of the singularities as the operators On and Oi, get close. For simplicity we choose our 
basis of states in a way that the marginal operators are basis states throughout theory space. 
In a unitary theory we must have the following type of OPE 

7k>0 

Making use of this equation and translational invariance we can derive the operator expansion 
of Oi/{z)Oij,{0) and obtain for the antisymmetrized combination the following result 

(6.23) 



7fc>0 

where the dots indicate terms with two or more derivatives. Now consider integrating over z 
in a disk surrounding z = 0. All terms with two or more derivatives give finite contributions. 
The first term can only give a divergence if 7fe < 1. Since the angular integration forces 
Sfc = —1 to get a nonvanishing answer, the field must be a (0, 1) field, and therefore purely 



40 



antiholomorphic. Therefore d^k vanishes and we cannot get any divergence from the first 
term. Exactly the same argument apphes for the second term. Thus, we conclude that the 
antisymmetric combination in the left hand side of Eqn.(6.23) can be integrated over z without 
the need for subtractions. This implies that the integral over w in (6.21) does not require the 
condition — 2;| > rj. Therefore the explicit infinite subtraction terms must also vanish 

(E; z I (u'^iTj) I 0,{z)) - I 0^{z)) ) = 0, (6.24) 

as can be verified by an argument completely analogous to the one given before. 
Analysis of Torsion We must now consider the terms 

I a) - I O^) = (c^,^ - c,^^) I (6.25) 

where, in writing the right hand side, we used a basis where the marginal operators are some 
of the basis vectors. The sum over k can only extend over operators of spin zero and of total 
dimension less than or equal to two (recall c is upper triangular). Thus the above breaks into 
two type of terms 

I a) - I O^) ^ ^(c/ - c,p I Op) + J2 (V'' - c^/T) I (6-26) 

P 7p<2 

where we recall that the dimension (1, 1) fields must be primary. Making use of (4.10) and 
(4.12), we find 



c^M 2 - 7p 



Ss„Q, for7p<2. (6.27) 



We can use Eqn. (6.23) to show that this vanishes. Using the first term in the expansion of 

that equation, we see that Ap = Ak + 1 > 1. Since any field $p entering in (6.27) must 
be of spin zero this implies that 7p > 2, and therefore no such field contributes. An exactly 
analogous argument holds for all other terms in (6.23). Thus indeed c^j? — Cjy^ vanishes for 
7p < 2 and Sp — 0. Back in (6.26) we then have 

D, I a) - I O,) = J](c/ - I Op) = ^ V I ^p)' (6-28) 

p p 

where we introduced the torsion-like object Tfj,f. Unless T/j^if vanishes, the term Dj^ \ Op) —Di, \ 
O^) present in F^i, would end up, back in (6.20), giving us a result of the form [D^, Di,]{T, \ — 
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— (E I Qfj,i, + TnfDp{Ti \. This would be inconsistent since on a vector bundle the commutator 
of two covariant derivatives must only give curvature and cannot include true torsion terms. 
We must therefore have that 

V = - < = 0- (6-29) 

This condition is indeed satisfied for the connection F in the particular case of toroidal com- 
pactification. We can give an argument that suggests that indeed the condition is satisfied on 
general grounds. Consider the partition function Zy, on the surface E (which must have no 
punctures) as a function in theory space. If we consider the commutator [D^, D^,] acting on Zj; 
we must get zero because D^D^Zy. = d^diiZY,, by definition. Since the curvature term cannot 
act on a function we obtain that Tj^J'DpZY. — 0. But DpZ^ = ((C'p))e, where the right hand 
side denotes expectation value of the operator as integrated all over the surface E* Therefore 
we know that 

V ( W)s = 0. (6.30) 

This is an equation for every unpunctured surface E, and it suggests strongly that T^y = 0. 
The expectation value of the marginal fields cannot vanish in general for genus g > I since 
otherwise the partition function would be a constant in theory space. We will not attempt 
to prove on general grounds the vanishing of the torsion T, this would involve showing that 
the expectation values of the marginals, thought as defining a vector in the tangent space to 
theory space, span this tangent space as we vary the surfaces. We expect this must be the 
case. A similar argument was made in ref. [9] to prove that T^/ = for the case of massive 
renormalizable theories . 

Completing the Computation All in all, our discussion above implies that F^i^ in (6.21) re- 
duces to the following expression 

F^,(^) = lim[- I c^2^(E;^,^| (|0[^(«;))|a](^)))+E(^;^l^[M(^)l^-](^))]- ^^'^^^ 
\w-yi\>v * 

We now split the integral in Eqn.(6.31) into a piece where w is outside the unit disks, and 



* This can be shown by first writing Z-^ = (S' | 0), where E' is a one punctured surface with the same 
conformal structure as S if we forget about the extra puncture. Taking a covariant derivative with the 
connection T one can see that the result amounts to integrating the insertion over the whole of the 
unpunctured surface. 
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pieces where w is inside the various i/i disks. For the latter pieces we define Wi = w — t/i. We 
then obtain 



F^,{z) ^ - I dM^;z,w I (I 0^{w)) I 0,}{z))) 

\w-yi\>l 

-E jd^Wi(^^\z,Wi I -(E;z I Sg"'^(0,^/;i,oo*« |^ | 0[^K)> I O.^)). 



* |Wi|<l 



In writing this expression we have dropped the 77 — > hmit since the integrand, as written, 
is integrable around Wi — We cannot simphfy further the expression in parenthesis in 
the second fine of the above equation because the location of z is arbitrary. The rest of the 
computation of curvature does not involve any conceptual difficulty and we have therefore 
relegated the details to Appendix B.l. The result is 



Jd^zFi)' J(fw(^{Q,z,w,oo* I -(0^,^,00* I Sg"'(0,w,oo*^ |^ | O^) \ O^j), (6. 
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\z\<l W<1 



where the 0^ and 00^ state spaces are contracted. Here the curvature is expressed as a double 
integral over four point functions [9]. We can use this formula to obtain an expression for the 
curvature in terms of OPE coefficients. The computation is given in detail in Appendix B.2, 
and the result is 

k u -i X 



■7fc>7i 7fe<7j 



V ^. / ikj Iki 



and ^^yi = 0, for 7j < 7j-. 

Once the curvature of c is known we also know the curvature of c. It follows directly 
from the definition of curvature that the diagonal part of the curvature of an upper triangular 
connection equals the curvature of the diagonal part of the connection. This means that 

Q^,(c) = Diag (Q^.(c)). (6.35) 
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6.3. Curvature of the Connection Yd 

We will now show that the connection is flat. We flrst relate the connection Tj;) with 
domain D to the connection T. We have that 

f^ = f + a;-^, with uj^ = j d^z{Q, z,oo* \ 0^{z)), (6.36) 

AD 

where AD = — D and is the unit disk. Moreover T = c — Q, where 00^ is given by 

= j(fwFp'^{Q,w,oo* I 0^,{w)). (6.37) 



\w\<l 



All this imphes that 

D^(f z))(S 1= D^(c)(S I +(S I ^(4^) - a;i^«) (6.38) 

i 

Starting from 

D^(f z))(E \=- J (fz{i:- z\Oy), (6.39) 

we find 

[D^(f^), D,(f^) ] h - / c?'^F^.(^) - J] y"ci'^(S; z I (Sf;^ - | O.^)). (6.40) 

The second term in the right hand side, with the help of (6.37) and (6.36) can be written as 
- y d'z{Y.-z\ y"ciVFp"''((0,Wi,oo*« I) I 0^{wi)) I 0,^{z)) 



S-Di *|Wi|<l 



+ Jd''z{E;z I J2 Jd''wi{0,wi,oo<'^ | %(«;i)) I 



The first term in the right hand side of (6.40) is evaluated by taking the expression for Ff^^, in 
(6.32) and splitting its first term into integrals over E— and integrals over AD^. Substituting 
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back in (6.40), and with a little work, we find that the right hand side of (6.40) reduces to 



/ ^'■^I] / d''wi(^{E;z,Wi I -(E;^ I {0,Wi,oo<^ \^ \ C»[^(wi)) | 0,}{z)) = 0, (6.42) 

which vanishes because z must be outside the disks and w must be inside the disks. Under 
these circumstances the bra in parenthesis vanishes identically. This proves the desired result, 
namely, we obtain that ^(Td ^ 0. 



7. Building a Theory in the State Space of Another 

As we have discussed earher, building the theory at x in the state space of a theory at x' 
requires that for every surface state (S(a;) | we should find an associated state in Tix' such that 
the algebra of sewing corresponding to the theory at x is respected. We have also seen that 
this can be done by simply transporting the states (E(a;) | from the state space Tlx to the space 
V-x'- A priori, this transport can be done with any connection. Even a zero connection may 
be used. The drawback, however, is that with this choice we cannot write simple or natural 
expressions for the transported state. In general, the result of the transport will depend on 
the path chosen due to the curvature of the connection. When we transport the surface states 
we must keep the path fixed. Then it follows that using different paths simply corresponds to 
two representations of the theory differing by a similarity transformation. Thus connections 
with curvature are perfectly sensible. 

As we have shown in the previous section, the connection is flat, in addition to metric 
compatible. Thus it is a particularly natural candidate for parallel transport. We will show, 
however, that one cannot integrate the equations of parallel transport for this connection. This, 
of course, happens because we are working in an infinite dimensional vector bundle. Therefore, 
if we wished to use the connection F beyond first order, we must regulate the infinities. Rather 
than working with infinite quantities, we can use connections that do not have this integrability 
problem. As we will discuss, the connection c or the connection c are suitable for finite distance 
parallel transport. A state will be called finite if all of its components are finite. 
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7.1. Second Order Nonintegrability of r 

Let us consider the parallel transport of ket-states by a finite amount. We choose a one- 
parameter family of theories x'^{s),s G [0, e]. Then we can do parallel transport using the 
path ordered integral of the connection along the path from s = to s = e using the 
formula given in Eqn.(2.32). The second order term, as we will see now, is ill-defined due to 
the divergence of the product of two connections. For Fj = Fj and Si — sj, we can split the 
sum over intermediate states into two parts: 

iWij = E Vr.fcJ = ( E + E 1 Vr.fc,,. (7.1) 

k y(k>Ji 7fe<7i^ 

Now, the second sum, involving a finite number of terms, is finite. The first sum is rewritten 
as 



where F{z') is given by 

F{z')- J /o.{l)(o,{z)MO)-^ E M2{l'-7l ^fe(0))^i(oo)\. (7.3) 

\z\<\z'\ \ ^'^^^^ / 

This formula can be verified by making use of Eqns.(2.13), (5.10), and the assumption that 
ji — jj. The integral in (7.2) turns out to be divergent due to the singularity 

0^(z)a(/)^-%^ ! + •••, (7.4) 

where G^^ = (O^ \ O^)- In fact, using (7.4) one can check that F(z') ~ (1 — |-2'|)~^ as z' 1, 
which leads to a divergence when integrated as in (7.2). This confirms that at second order 
the integration with the connection F^ fails. Since the variation of the correlators must be 
finite, the above divergences, if kept track properly, ought to be canceled by the divergences 
in the second order parallel transport of the surface states. We will not try to implement this 
since our aim is to give a construction manifestly free of divergences. 
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7.2. Integrability of c and c 

We will see now that the difficulties observed in the previous subsection dissappear for the 
connections c or c. We first argue that the connection elements themselves are finite (this is 

also true for F). This is clear from the variational formulas applied to surface states; the right 
hand side of the variational formula is always finite, and therefore the connection coefficients, 
which are determined up to symmetries, can be chosen to be finite. Consider again paralell 
transport of ket-states. It follows from the lower triangular property of c that in 

D^{c)\^i)^c^t (7.5) 

the sum in the right hand side involves a finite number of states, those whose dimensions are 
lower than or equal to 7^. It is then clear that multiple covariant derivatives D^^ ■ ■ ■ D^^ \ $j) 
must be always a finite state with dimension less than or equal to 7^. This proves that finite 
distance parallel transport of any ket state of definite dimension is well defined. Note, however, 
that for a general state s* | paralell transport with c may not be well defined if this sum 
involves an infinite number of states. This happens because in | involves the term 

s*c^j^ I and for fixed k the sum over i can run over an infinite set of values. 

Since our description of correlators has been given using the contraction of bras representing 
surface states against kets corresponding to local operators, and having already checked that 
the transport of the kets is not problematic, let us now discuss the transport of the bras. The 
equation 

shows that the parallel transport of a basis bra gives a bra with infinite number of components 
all with dimension greater than or equal to 7^. The covariant derivative of an arbitrary finite 
bra section must be finite because the resulting component along any basis bra \ can 
only get contributions from bras of equal or lower dimensionality, and there are only a finite 
number of such bras. It follows that the covariant derivative with c of surface sections are 
always finite sections. Therefore multiple covariant derivatives are well defined as well, and 
as a consequence we can define finite distance paralell transport of surface states using the 
connection c. All of our arguments for c apply to c as well. For the connection c, however, 
even the parallel transport of arbitrary finite kets is well defined. 
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8. Conclusions 



In this paper we have associated a pair {D, c<j^) with any covariant derivative by examining 
its action on the surface sections. We have identified a natural class of connections Yd for 
which LO^ can be set to zero. The connections Yd have zero curvature and Y (for D = D^, 
the unit disc) is metric compatible. Y does not lead to perturbatively finite parallel transport. 
Another class of natural connections have uj^, ^ Q for any choice of excluded domain around 
the punctures. The a;^'s, however, are constructed in terms of surface states. Among these 
connections we have studied the connections c and c, which turn out to be the upper triangular 
and diagonal parts of Y. Both have nonzero curvature, and c is compatible with the metric. 
Both lead to perturbatively finite parallel transport. For these connections we were able to 
obtain expressions for curvature in terms of the states of the theory, D and a;^. On general 
grounds this is not possible unless a;^ satisfies Eqn.(6.10). 

We now indicate some directions of future work that emerge from the present paper. 
Though we have identified some interesting connections, the notion of a natural connection has 
not been made fully precise. We have also not explored completely the consistency conditions 
that follow from the variational formula (1.1) on the correlation functions of the theories. It 

may be of interest to elucidate the relation between our work and the work on deformations 
of topological field theories [14]. Finally, a crucial issue is extending our present work to more 
general spaces of two dimensional field theories. 

Acknowledgements: H. Sonoda acknowledges the hospitality of the Center for Theoretical 
Physics at MIT. 

APPENDIX A: Computation of Kac-Moody currents 
We want to compute the right hand side of Eqn. (5.18). This is 

(D^(r)(0, oo* I) I Ja) + (0, z, oo* I (D^(r) I Ja)) (A.l) 

The second of term involves no computation since it is known once (I?^(r) | Jg)) is fixed. We 
need to evaluate the first term (£)^(r)(0, z, oo* |) | Ja). 

48 



Preliminaries Since we will assume throughout that we have a unitary conformal field the- 
ory, the operator product expansion of the dimension (1,0) current with the dimension (1, 1) 
marginal operator must be of the form 



Ja{z)Oi^{w,w) = -^{Ja,iOi^){w,w) + -{Ja,oOn){w , w) + regular, (A.2) 

[z — w) [z — w) 

since the lowest dimensional operator must be of dimension zero. We will assume that 



JafiO^ = 0, (A.3) 

since this operator, if not zero, must be a (1,1) primary (recall that [L^, Ja,o] — 0). Then 
the charges associated to the Kac-Moody symmetry would rotate the marginal operator 
into some other marginal operator O. All marginal operators belonging to the same multiplet 
would generate equivalent deformations throughout theory space. We do not wish to consider 
here such degenerate situation. The operator {Ja^iOn){w,w) entering in the above expansion 
must be a dimension (0, 1) field, therefore it must be primary and and purely antiholomorphic. 
All in all our operator product expansion will read 

Ja{z)Oi^{w, w) = ^ .2 ^Ja,\0^){w) + regular, (A.4) 

\z w) 

We also claim that the subtraction matrix V^le) vanishes for currents, that is 

T^.j'ie) ^ 0. (A.5) 

This follows from (4.19); if 7^ < 1, we get zero because there is no field of spin one of dimension 
less than one; if 7;^ = = 1 the field $/j must be another holomorphic current. Nevertheless 
such an operator cannot appear in the operator product expansion of an and a holomorphic 
current (see (A.4)). 

The computation. Let us now begin our computation. It follows from (4.18) (with the limit 
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as e — > implicit) 

(L>^(c)(S(0,^,oo) Ja)|*j) = - J d^w{O^{w)<^>i{0)Ja{z)<^>j{oo)) 

e<\w\<l/e 

+ P^/(e)($,(0)J«(^)$fe(oo)> 

+ P^^(e)($fc(0)J«(z)$,-(oo)>, 

where use was made of Eqns.(4.18) and (A. 5). The last term in the above right hand side, 
with the help of the operator product expansion Eqn. (A. 4), can be written as 

n n<— 1 n>0 

where in the last step we broke the sum into two pieces and used the identity discussed in 
Calculation 3 at the end of this appendix. We now assume for convenience that \z\ < 1. Then 
the integral above can be split into the region \w\ < 1 and the region \w\ > 1. For the first 
piece we use the Ward identity detailed in Calculation 1 at the end of this appendix and the 
second piece is left as it is. This together with (A. 7) enables us to find that the right hand 
side of (A. 6), henceforth called (/), becomes 

(1)=- I d'w^{-^{{Ja,lO,){w)M0)^j{^))} 

e<\w\<l 

'n<—l ^1 I 

e<H<l ^^_g^ 

1 P 



n>0 ^1 I 

— e<\w\<l 



z" 

l<|w|<l/£ " 



The last line in the above expression is evaluated by taking the operator product expansion 
of Ja and the operator product expansion of with $j and integrating, the second term 
subtracting away divergent pieces. This calculation is quite similar to that leading to the 
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equation 



/ <fw{0,{w)^M^^{^))-V,,,{e)= -1j^5s^,s,{1-6,^,,,), (A.9) 

J li li 



t<\w\<l 



which holds for arbitrary operators $i and $j (note that when 7^ = 7^ we take the right hand 
side to be zero). Eqn.(A.9) is also used to simplify the second and third hues in (A. 8). Using 
H^i^j = H/^j^i, which holds for arbitrary one finds 



e<\w\<l 

[•UJ — z| >€ 



^ ^ Z^^'- — — n 

We can now use the result of Calculation 2 at the end of this Appendix to find 

e<|'uj|<l 
|x(j— z| >e 

n<— 1 



(A.IO) 



(A.ll) 



We finally evaluate the integral above by using Stokes theorem. We get no contribution from 
w ^ z, the contribution from \w\ — 1 cancels precisely the last line of (A.ll), and the 
contribution from w — > gives us the final result 

(L>^(c)(E(0, z, 00) I) I I Ja) I ^j) --\-\ Hij^Mij ■ Sa„a, ■ %„A,- (A-12) 
This is our final result for the computation. 

Calculation 1. Our first objective is to find an expression for the one-form meromorphic object 



{O^{w)^i{0)Ja{z)^j{oo)) dz, (A.13) 



where the correlator is on the sphere with uniformizing coordinate z and local coordinates z 
around z — and 1/z around z — 00. Since there is no holomorphic one- form on the sphere the 
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above correlator can be determined from the singularities. When z ^ oo we use the operator 
product expansion 

Ja{z)^j{oo) = -^^"-1 (J«,„$j)M, (A.14) 
n 

and we obtain 

^lim a; = - J]^"-i(O^H$i(0)(Ja,n$i)(oo)>rf^, (A.15) 

n>0 

where the n = term is included since it is singular at oo. Furthermore 



2^0 Z 
n>0 



lim u; = ^ {{Ja,iO^){w)^i{0)^j{oo))dz, 

Z^W [Z — W)^ ^ P^/v / V / jv // 



(A. 16) 



where in the second relation we used (A. 4). There is a small subtlety, the term with n = 
in the limit when z — > is also singular at 2; = oo. In fact, given the Ward identity for the 
charge Jafi we have that 

^{0,{w){Ja,o^i)mj{oo)) = -^{O,{w)M0){Ja,0^j){oo)), (A.17) 

which equals the n — term in the 2; — > 00 expansion. Thus this term should not be included. 
The final result is 



d ( dz 

dw \ z — w 
dz 



d7 

+ E;;m(^MH(^,n$^)(o)^,-(oo)>. 

Calculation 2. Now we consider another identity between operator product coefficients. By 
definition we have that 



^H^Ja^.iJ ^ Ja,n^i)(0)$,-(00)> = f ^^Z-{O^{l)Ja{z)M0)^j{oc)), (A.19) 

where the contour surrounds z — 0. This contour can be replaced by two contours surrounding 
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z — 1 and z = oo respectively. Using (A. 4) we obtain 

^H^Ja,.i,j = -n{(Ja,iO^){mmj(oo)) - (C?^(l)$,(0)(Ja,-n$,-)(oo)>, (A.20) 
and therefore we find 

where the Kronecker delta reminds us that the operator product coefficient iO^)i,j vanishes 
unless Aj = Aj (recall that Ja^iO^ is purely antiholomorphic). 

Calculation 3. We consider one final identity. We claim that 

2^A*Ja.„ij(e) + ^A.zA,-nj(e) = 0, for n>0. (A.22) 

This equation follows by using (4.19) and (A. 21). We get zero because the Kronecker deltas 
that arise impose conditions that cannot be satisfied when n > 0. 

APPENDIX B: Computations involved in curvature 

B.l. Curvature of c 

We must substitute the result for F^i, in Eqn.(6.32) into the right hand side of Eqn.(6.20). 
Consider the first term in this right hand side, to be called (/). The first term of F^^ gives no 
contribution to (/) due to antisymmetry, and the second term gives 



(7) = j d^zJ2 jdPwi{{T.-z,Wi I -(E;^ | Sg"'^(0, oo*» |^ | 0^^{wi)) \ 0,^{z)) 



\z-yi\>l Vi|<l 



(B.l) 



<fz{T.-z I Jd^WiFp'^^iiO^Wi,^^''^ I) I O^iwi)) I 0,^{z)). 
\z-yi\>l *|wi|<l 

The second term in the right hand side of (6.20), to be called {II), gives 

*|«-t/i|<l \w-y,\>l 

+ E / dhFp'-y^Jd^Wj(^{J:;z,Wj I -(E;z I Sg-^(0, oo*(^') |^ | 0^^{wj)) \ 0,](z)) 

(B.2) 
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Since w is outside the unit disks, the first term in (//) can be written as 

J d^w{J:;w\ J2 JdhiFp^^{0,Zi,oo<'^ \ (| 0^^{w)) \ 0,^{z))), (B.3) 

\w-yi\>l '\zi\<l 

where we introduced the coordinates Zi = z — yi. Relabehng w ^ z and Zi Wi we find that 
this term cancels precisely against (/). The second term in (//), for the case when i ^ j, that 
is, when z and w lie on difi^erent unit disks, is given by 

J2 JdhiFp'^Jd^Wj{^;zi I Fp^^ {O,wj,oo<^^ \ (| 0[^{wj)) \ 0,^{zi))) 

= (S I / d^^i j dVFp'^(0,^z,oo*« I Fp-^ (0,^/;,-,oo*(^') | (| 0^^{wj)) \ =0, 

(B.4) 

and vanishes identically because of antisymmetry. All in all, the right hand side of (6.20) 
reduces to the contribution arising from the second term in (77) for the case when i — j, that 
is when both punctures are in the same disk. This contribution is 

J d^ZiFp^' jd^Wi(^{T.-Zi,Wi I -{T.-Zi \ Sg«'(0, oo*» |^ | 0^{zi)) \ 0,^{wi)) (B.5) 
* |^i|<i K|<i 

Since both the Zi and wi integrals are now restricted to the same unit disks, we may write 

{T.;zi,Wi I -{II- Zi I Sg™^(0,«;i,oo*« | 

= (E I (^(0,^i,Wi,oo*« I -(0^^i,oo*« I Sg«'»(0,Wi,oo*^ 1^, (B.6) 

where (0, Zi, Wi, oo*^*) | is a four punctured sphere with standard coordinates around the punc- 
tures, and k is just a label for state spaces to be contracted. If we substitute this back into 
(B.5) we can now identify the curvature operator as 

Q^^ = Jd'^zFp'J d^w(^{0, z,w, oo* I -(0^^,oo* | Sg"'(0, 00*^= |^ | | O^]). (B.7) 

\z\<l \w\<l 
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B.2. Curvature in terms of OPE Coefficients 



Starting from Eqn.(B.7)we would like to obtain an expression for Q^,y{c) in terms of the 
OPE coefficients. This can always be done since all of the tensors involved can be expressed 
in terms of three point functions. We know from Eqn. (B.7) that 



jd^zl{z). (B.8) 



kl<i 



where the matrix I is given by 



I{z) ^Fp^Jd^w(^{0,z,w,oo* I -(0^^,oo* I Sg^(0,w,oo*^ |^ | | 0^]H). (B.9) 

|w|<l 



We will write out the various tensors involved in the above equation in index notation. The 
index representation of three point functions is obtained from the definition of the OPE coef- 
ficients (See Eqn. (2.13) ) as 

I (0,^,00* II I O,) = ^J^^d^,^'''^'-''"^- (B-10) 

Since all of the integrals we will be doing involve rotational symmetry we can work with 
simpler expressions by integrating over the 9 dependence above. With the definitions r = |2;| 
and t = l^l we find that the replacement of interest is 

I de{^' I (0,^,00* II I o^) = :^^^Ss^,s„ (B.ii) 



Let us begin our computation. It follows directly from the general expression for curvature 
that f^^^/ = for ■ji < jj since c is upper triangular. This means that we need to compute 
^^j^l only for ji > ^j. Henceforth we will restrict our attention to this case. We write 
I{z) — I<{z) + I>{z) where /< and /> denote the contributions from t < r and t > r 
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respectively. For t < r the four punctured sphere can be built by sewing two three punctured 
spheres in the following fashion 



(0, z, w, oo* 1= (0, w, oo*^ I (0^, ^, oo* I . (B.12) 

This imples that 

\z\=r t<r ^^>^i 

Since the sums over intermediate states k will always be restricted to states such that — 
Si{= Sj) we will drop this condition henceforth for brevity. For t > r the four-punctured sphere 
is built as follows 

(0, z, w, oo* h (0> ^, oo*^ I (0^> w, oo* I . (B.14) 



and this yields 



Now we perform the integrals over t in Eqns.(B.13) and (B.15) and take the finite part, as 
instructed in (B.9). We find 

j c(e[/<(z)]/ = 0, (B.16) 



and 

hi 

\z\=r ■ ^^^^^ 

Performing the integration in r we obtain the final answer 

I., J J. . 
7fcj 



^Mi^z'' = 0, for 7j < 7j. 
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